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"When you use the word information, you should rather use the

word form" R.Thom
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Introduction

—° Neuroscience - Cognition

Cognition: Neural Network - Machine Learning (unsupervised):

Hopfield
Hinton
Sejnowski
(Boltzmann -
Helmholtz
machines )

Hopfield Network, 1982

min  Energy

Critical point

Basin of attraction

States
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Introduction

—* Neuroscience - Cognition

"Understanding is compressing" Chaitin. Efficient coding (Attneave,
1952): the goal of sensory perception is to extract the redundancies and to
find the most compressed representation of the environment. Any kind of
symmetry and invariance are information redundancies and Gestalt
principles of perception can be defined on information theoretic terms.

Gestalt » P~ —ves
Barlow < :.: : .
Attneave .. . o*® ... . g
Laughlin N ...

Linsker * A @ Perceptual binding
Atick . ° — e

Nadal o —— =

Attneave's cat, 1954 Similarity ~Continuity Closure
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Introduction

—* Neuroscience - Cognition

"Understanding is compressing" Chaitin. Efficient coding (Attneave,
1952): the goal of sensory perception is to extract the redundancies and to
find the most compressed representation of the environment. Any kind of
symmetry and invariance are information redundancies and Gestalt
principles of perception can be defined on information theoretic terms.

ges;calt ve, 000 ...o..
ariow ..... o

Attneave by o® ° e o

Laughlin Goo

Li i @ Perceptual binding
INSKer

Atick — =

Nadal = em—

H°(K) LO»H‘(K)

Attneave's cat, 1954

Similarity  Continuity Closure
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Introduction

— Biology

Biology: Development - Evolution - Morphogenesis:

Waddington
Thom
Wieschaus

Ficure 4 FIGURE §
Part of an Epigenetic Landscape. The path followed by the ball, as  The complex system of interactions underlying the epigenetic landsape.

C.H. Waddington, 1957
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Homology - data - information

—=  Simplex

k-simplex: k dimensional "triangle"

OO—O(&)

0-simplex  1-simplex 2-simplex 3-simplex
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Homology - data - information

D -
-—  Simplex

@
@

O-simplex  1-simplex 2-simplex
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Homology - data - information

simplicial complex

©

0-complex 1-complex 2-complex 3-complex
graph-network

Information Topology
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Homology - data - information

— simplicial (co)-homology

(k+1)-chain  Yk+1 (k+1)-cochain

ak k»boundary; fk-cobuundary o

2% 3-boundary’ ‘3-coboundaryi)3

3-chain m 3-cochain m

. simplicial 3-complex
a, 2-boundary; fz-coboundaryi)z pic P

9.0= 0

2-cochain

a9, 1-boundary; fl—coboundary o M-homology groups:

H,(X) := ker(8,)/im(dp+1)
1-cochain = Zu(X)/Bn(X),

O-boundary‘ fo-ooboundary
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Homology - data - information

—° data - persistence homology

Cech complex Vietoris-Rips complex
all intersections only pairwise intersections

Information Topology
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Information Cohomology

£

Information structures - probability simplex

implementing geometrically Kolmogorov axiomatic:

3-Simplex A;
g,.,(X) 3

o > ;. P(Aj) =1 the geometry is
affine

P(A;) > 0 convex

Theorem of total probability:
barycentric coordinate P(X) =

> P(Ai.X) = 32 P(Ai)-Pa,(X)

Conditioning is a projection on
subsimplex.

Complex of probability given by set

Pa(X)

Conditioning: projection

Py, (X)

9
Lattice of F = 5
2-Complex C2
P (X)

OP(X)
mm(X)=Pr (X))=Pr (X))

3-Simplex A, with
prior P(A;)=a, (=1/3)
=2-simplex A,
QP (X)

Information Topology
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Information Cohomology

£

Information functions - Entropy

(semi) lattice and simplex of
" joint-entropy and mutual-information functions
1p(X1,X2) ! 24

(X, X3)-HXD)  |H(X1,X5,X5) H3 H(123) ) n
12,

Xolo(Xy;

1I3(X1; %o )

1-entropy (k=—1/In2, bit): Hi=H(X}:P)=k S, e P(X) In p(x)

. . Ny x...xN

k-joint entropy: Hk:H(Xl""’Xk;P):klelj.,x:e[,;\ll><...><Nk] P(X1-ee-Xk) In p(X1-0 %K)

Conditional entropy: xz.leH(Xl|x2;P)=kzi"11;:’§[leN2] p(x1.x2) In Py (x1)
dlill e elrl o]0 . H —H=(X X H( X

Information Topology
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Information Cohomology

£

Information functions - Mutual-Informations

1,(X1:X,) joint-entropy and mutual-information functions
(X2, X3)-H(X1) _[H(X1,X5,X3) H3 &
12,

Xa-1o(Xy;

13(X1: %05 ) Ho

Ny x Np I
x1,x2 €[Ng X Na] plxax2)In p(x1-x2)
k-Mutual-Information (for k>3, I, can be negative, h=H;):

I"(Xl7'"’X";P):Z:{,:1(_1)i71 Zlc[n];card(l):i H,'(X[;P),
ex: h=H(1)+H(2)+H(3)—H(1,2)—H(1,3)—H(2,3)+H(1,2,3)
Conditional MI: Xs.b=1(X1;Xz|X3;P)

2-Mutual-Information: L=/(X1;Xo;P)=k > pLa)p(p)

Information Topology
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Information Cohomology

£

Information functions - Mutual-Informations

L(X %) joint-entropy and mutual-information functions
(X2, X3)-H(Xy)  [H(X3,X5,X3) H3 H(123)
H(3

Xa1o(Xy;

l3(X1i X3 )
Theorem (Hu Kuo Ting)

Information functions are in bijection with finite additive (measurable)
functions with operators U, N, / corresponding to Joint (;), Mutual (,)
and conditional (/) information operation respectively.

Information Topology
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Information Cohomology

—> 2-independence

Theorem 2-independence < 9! = 0 (Li, 1990)
Xi, Xy are statistically independent if and only if L, = /(X1,X5; P) =0

Moreover, 1(X1,X2)=0=px, x, =0, px17X2:% (detect non-linear)
1 2

Topology
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Information Cohomology

—= k-independence - generalization

Definition k-independence

Xi,...,X) are k-independent if [, =0

Theorem mutual-independence

Xi, ..., Xn are mutually independent if and only if Vk < n, I, = 0.

Information Topology

17 / 43



Information Cohomology

—° Information structures

x;a-0=01) Partition lattice |Q|=4
0 General structures

—greatest element (1)

X Y Y coarse

TELNL)

o

o The random variables are e
partitions of the atomic x x
4 ) Ls = 2,4
0=y

19pI0 [eIed

Fine

—least element (0)

probabilities of (2, B, P)
(equivalence classes).

Atomic probabilities |Q|=4
o The Joint-Variable (Xl, X2) is the 2 binary variables - simplicial structures

less fine partition that is finer than (X1,X5)
X1 and X2 (ng)

Information Topology
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Information Cohomology

Actions and coboundaries

Y on the functional module, Y.F(X;P) =3, P(Y = yi)F(X; Py=y,).
Complexes of random variables are X* = (X1, ..., Xi; P), and we consider
cochain complexes (XX, 9%):

80 81 82 _ akfl
0 X% x5 x2 5y xk1 2 xk

where 0¥ is the Hochschild (or Galois) coboundary. For the first degree
k =1, we have the following results:

Main theorem (Baudot, Bennequin)

The information co-homology space of degree one is one-dimensional and
generated by entropy.

Information Topolo
POoBY 19/ 43



Information Cohomology

~— Coboundaries and higher /;

Theorem - cocycle : independence
Let X" be an information structure, then:
o For even degrees 2k: 0% = — Iy 41 and 9% = 9%k =0

o For odd degrees 2k + 1: 9%~ =0 and 92k~1 = —92k = — ;.

As a probabilistic interpretation, information cohomology quantifies
statistical dependences at all degrees, the obstruction to factorization:
k-independence coincides with cocycles.

Information Topology
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Information Cohomology

—= Simplicial information substructures

o Computational problem: complexity of the estimation of information
functions: Bell's combinatoric O(exp(exp(N"))) for n N-ary variables.

o Computational solution: Data analysis is developed on the simplest
sub-case of the general information structure, the simplicial information
structure and the simplicial information cohomology with complexity in
o2m).

o Consequence: some possible statistical dependences cannot be detected

Information Topology
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Information Cohomology

Simplicial information substructures

- ) d ) d ) | Ure - riple A ut
b )
Boolean lattice of all subsets. A simplicial complex of random variables

Xk = (X1, ..., Xk; P) is any subcomplex of the simplex A" with k < n

o Joint (X1, X3) and meet (Xi; X2) of variables are the usual joint and meet
of Boolean algebra and define two opposite-dual monoids.

Partition lattice |Q|=4 Atomic probabilities [Q]=4
general structure coarse 2 binary var.- simplicial structure
=Q  —oesescemen ()

Pﬂl Pll
:|le | e
c 3|
2| Poo | Pro
Wl (O} (O}

XZ

(semi) lattice and simplex of
joint-entropy and mutual-information functions

H(@23)

Information Topology
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Information Cohomology

—*  Free information energy n-body interaction

o Internal information energy (definition): for k =1, /; and (/) are a
self-interaction /(X;) = H(X;) that we call internal information energy.
The total Internal energy is E(X1, ..., Xn; Pn) = > i g H(X))

o Free-information-energy (definition): for k > 1 /, quantifies the
contribution of the k-body interaction, that we call the
k-free-information-energy. The total free energy is the total correlation
(Watanabe, Studeny) that quantify the total dependences

k i .
Gy = Zi:2(_1) Elc[n];card(l):i I/(X/' 'D)

We recover the usual isotherm thermodynamic relation in the special case

of Gibbs distribution p(X1 = x1,.... Xo =xn) = pjj_, = LeFEin/keT,
S

Information Topology
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Information Cohomology

s

ntormation landscapes:

H, and I, landscapes and paths

Hy Entropy landscape

(semi)lattice of information as a
function of the values of H, and I
(gives a ranking). Hj quantify
variability /, quantify statistical
dependences.

maxH

Hy(bits)

H(123
H

Information path: entropy paths HP;
0

and MI paths IP,: sequence of edges,
piecewise linear-functions.

First derivative of entropy path is
conditional entropy:

dHP;(k)/dk = (X1, ...y Xk—1)-H(Xk),
of mutual information path is minus

I(bits)

Information Topology



Information Cohomology

s

Minimum free energy complex

Theorem Minimum free energy complex

The set of all positive informations paths forms a simplicial complex. A
necessary condition for this complex not to be a simplex is d > 4.

(Minimum free energy principle with degeneracy = complex system)

maximal Ik paths Positive information
facets of the positive information complex complex X*k

EH

1-face (l-ilmplex)
0152 2-face (2-simplex)
o 81->2-

facet (3-simplex)
1->2->3->4

>k

4
dim=Ky>2.53.54= 4
Critical exponent of facet 3->4->5: k3..4..5=3




Gene expression - cell identity

—° Gene expression measures

midbrain nucleus (nDA)

o mRNA expression levels for n = 41 genes in m = 111 DA and m = 37 nDA

Midbrain microdissection DA neurons nDA neurons
Collected material (n=111)

W

TaqMan assays

0 5 10150 5 10 15

Dissociated midbrain neurons
Targeted reverse transcription I
and preamplification N L

Fluorescence imaging I ] I J Iﬂ

Pipette harvesting

Information Topolo
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Gene expression - cell identity

]

Probability estimation

Raw heatmap

111 DA neurons

-
2
©
O
x
w

~N

=)
s)
4

Resampled heatmap
111 DA neurons

Log,Ex Th
P(Th,Calb1)
3 [— |
= PXN=POIPX(Y) 0111 22111

Information Topolo
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Gene expression - cell identity

Finite size - sampling problem

when Nj...N, are such that only one data point falls in a box then
p=1/m and H, = log, m.

:H. “Ih, s lm nDA
o Degree k, for which more m | ’
than 10% of the H, are in 2, i
log, m—0.05 < Hy < log, m. |. T e s =
o Analysis holds well bellow S . s
usual undersampling regime. | -

) &

Mean Entropy <Hic> (bits)

Computational restriction to W
n=21 (22 ~ 2.10° elements) :

ku=55 k=6 10

Information Topology
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Gene expression - cell identity

Computation of the Minimum free energy

)

o Computational problem: finding a global functional extrema or all the first
critical dimension is NP-hard class (O(n!)).

o Computational solution: At each element of the lattice, we start at one of
the /; and at each element of the paths we explore only the two paths with
lowest and highest positive values of Xi;1./(X1;..; Xk) (local), and iterate
until it stops at the minima (whenever the conditional mutual information
starts to be negative) and then rank the paths as a function of their length.
It finds the maximal positive information paths that have highest and lowest
Ix values at each element of a path. Computational complexity in O(n) but
only give a partial estimation of the minimum free energy complex (can
be richer and greater dimensionality).

Information Topology
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Gene expression - cell identity

s

Cell type identification

10 DA and 10 nDA neurons preclassified

by labelling. Small sample m=41 genes in :

dimension n=20 neurons.

= Beyond pairwise interactions : i

identifies the DA population.

= ldentification of the two cell types
(diversity=2)

Informational and topological

formalization of epigenetic landscape a la .~
Wl

Waddington and Thom

10 DA Cells

¢ Ig landscape

Max 1o

1its)

o

130 10 10
—
Count
— p=0.1

I pawlgﬁs

3 10 umi1
L
L]

L]
e ®e o0

Ts

Max 1,
G Cs. . Ca. Ca G Cr. Ca G Ci
0,89 bits

°
Entropy

y-Energy landscape

o
4

o,

: 4 HW’
10t

100

Hw

2 s

=
=
i




Gene expression - cell identity

s

Combinatorial explosion of interactions
(analog to Van der Walls), dependences
and independences in high dimension k.
Modules with high I identify the
metabolic chain of dopamine and reveals
new modules of coregulation, biologically
relevant (neuromodulator-electrical
coupling).

I positivity detects covarying variables
(co-expression, common transcription
factor). I negativity (synergie) detects
clusters, differential expression (spatial)
and known cell sub-types.

Gene modules identification

DA neuron I landscape nDA neuron

34 !
0 5 10 15 20 0
CO-VARYING K CLUSTERED
6 8 10

Scn2a me—

@

T3
Kengy' 5 Ta16" o

DA neurons
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Gene expression - cell identity

— Maximum and minimum /, "modules"

2 minimaof i, 2 maxima of iy
12 Ne'mo 3 KC"nao 2 4 6 8 Th 6 8 10 12 14
=064 14 14=0.25 18
g 12 12 4 16
10 o~
gé 10 %I
48 53
2 6 x
0 4
Bm 4
N
Ty e
Kcna2
o Negative /
g k Drd2 ‘Sl 1y = -0.29 Drd2 ettt
detects clusters 1 "
10 : I
°, 0 8 = °
e Ll 62 o 83
o Positive [, detects . is K o3
n g n I 0 o) 2
covariations Lo ) 0
6875 39 810y 086 4
H 12 6 8> ke 2 1g161412}
- Sl 14161574 ° o ng;
even non-linear example of negative, 093 T84 "y 57 e
with positive and negative I; 0.2 4 6 8 0.2 4 6 8
(Reshef'201]_) |, Drog ittt B
=021 1] =023
. 1
1: $° J 'Q v-l]l!)
2 {3 30
R 2, E
© 4 of < 7 .o
2 6 B
0 © e armme 5 .
4

4 6 8 1012 14 16 18 4 6 8 1012 14 16 18
Slc6a3 Slc6a3
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Gene expression - cell identity

—° Iy extrema and negativity - Special cases

Four maxima of Iy(X,; X,: Xs: P)=log,(2)=1 bit Two minima of 1y(Xy; X,; X3: P)=-log,(2)=-1 bit

T h eorem ( H u K uo Subsimplex of the probability 7-simplex Subsimplex of the probability 7-simplex
Ting, 1962)

For k > 3 I, can be
negative.

o Schrédinger

"what is life?": Representation in 2-variable subspaces Representation in 2-variable subspaces
XX XXy XX

living system feed m W T R I B

upon negentropy

Information landscapes 2-simplex of Xy, Xg, X3
(free—energy) Maxima of I Minima of I, Maxima of Iy Minima of I

Imax |
=|09€1Ni

Count  Coumt  Count

o synergy (Brenner caMes CO2Rs  COmt

Information Topology



Gene expression - cell identity

— Mean H; and /, - Homogeneous system

ZTC[n];card(T):i Hk(XT; P)

(¥)

_ ZTC[n];card(T):,- Ik(XT; P)

(¥)

(Hi) =

» ()

Xi et al, Tensor Renormalization of Quantum Many-Body Van Der Walls n-body interactions
M ean ‘Systems Using Projected Entangled Simplex States, 2014, | 15
information <
DA neurons nDA neurons Kl s
e .
correspond to
: n £ o
ideal 2
h = & as
omogeneous|s
2 o '
St ru Ct ure 345 6 7 8 9 10111213 Gazwith anracﬁ\\fé”ﬂody interaction
s hattractveT-body ne
n - 'Van Der Walls isotherms of the colloidal
X [ wit h Gaz-liquid transition (Nguyen et al, 2012). 1©
e
homogeneous

A lot of small interactions
makes important interaction
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Gene expression - cell identity

— Maximum and minimum /, "modules"

DA neurons nDA neurons

c Gad2 g Gad2

Calb1 Sic17a6 ° Calb1 Skc17a6

Map2 o @ o2 Map2
Sic6a3 Nefm

Sict8a2

Nefm Sicéa3

Cacnatc ™ Cacnate "
Cacnalg Drd2 Cacnalg Drd2
. . Scn2at o) Scn2at @ Kenjtt
o I, qualitatively o -
H H Hen2 Kenj6 Kenjé
Slmllar to pX,Y Konn3 cnd3 2 Kenbt KCna2 Kenn3 yond3 2 Kenbt  Kena2
( Reshef, 201 1) . Negative I Positive Negative Iy Positive I
B o o o
o I, are nontheless .473 ) K i
specific to a given = R e
cell type: cell o, N o
identity . 4’ | . .
signature. e o e
1471 I/ 14/ 15/ 11g
® 1bit — 0.5bits * 1bit -0.5 bits 0.5 bits
©® 2bits = 1bit ® 2bits -6t B 1bit

@ 3bits == 1.5bits ©® 3bits [l -1.500s [ 1.5bits
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Gene expression - cell identity

— DA Minimum free energy complex

o Identifies functional module
up to ki = 6.

Ik (bits)

o Maximum path detect the
metabolic chain of
Dopamine, genes having
common transcription
regulators and unravel -
electrophysiological and %Q\
neuromediator identity @g :;“

coupling. —

12 3 4 5 6
K

S~ Maximum l_gene-paths

“S——  Minimum | gene-paths

©
®@

o Minimum path detect
heterogenity, subclasses and S‘“ﬁégm Covarying genes

Kenie Kena  (Nurr1/PITx3, etc.)

Kenb1 Kenj1t  Differentiating
Calbl" Gad2 genes
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Conclusion

Conclusion

Shannon-Poincaré Machine: Idetifies relevant modules up to k; = 10
k; = 6 with sample m = 41 and m = 111, resp. Available opensource-python
program INFOTOPO.

o Information theory and data analysis tools without metric, Markovian, iid,
Gibbs distribution, phase space or symplectic assumptions.

o Common framework for epigenetic learning

o Beyond pairwise statistics: from complex networks to complex =
Topological neural complexes (binary variable).

Shannon theory ation Simplex

to

ormation Topology
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Conclusion

—* Thank you!

Chanelomics..

Questions?

bl median

The Imaglng Phenomics
Company™

2 European
TC | researcn BN |"  Inserm
Council L]
Max-Planck-Institut fir
/>Mathematlk
den Naturwissenschaften

Information Topology
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Conclusion

—° Questions

Information Topology
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Conclusion

—* Information theory

€ gI10Da D ure: O d O O LI d O O V P4 ally d O
by pairwise exchange of information, formalized by a communication
channel, that is a 1-simplex between two variables, the emitter and the
receiver. By considering n emitters/receivers and defining k-communication
channels as the k-face of a simplicial structure, with respective capacity
max (i), the present topological formalism gives very preliminary basement
for such a generalized communication theory. Moreover, it suggests refined
data compression algorithm.

sShannon Simplex
to
n emitter-receiver

Information Topology
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Conclusion

—= Statistical physic

At least In genetic expression, but we propose that It Is a generic tfeature O
biological structures, high order than pairwise statistical interaction exist,
can be non negligible, and moreover can be combinatorially numerous.

Clustering of data points analog to matter condensation, a simple picture.

Topological and informational formalization of the Potts model, negativity
signature of frustration, multiplicity of local minima.

mean information path is analog to DFT treatment of the n-body problem,
but the formalism here is different, it is finite and discrete, it computes the
cohomology group of measurable function, do not assume any metric (like an
interaction distance r), nor Hamiltonian or Lagrangian structure, symplectic
or contact structure, configuration or phase space (etc.). The main
difference with classical statistical physic determinations of free energy and
entropy is the absence of predefined metric and the finiteness-discreteness of

Information Topology
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Conclusion

—= Statistical physic

o Our theorem applied to 3n dimensions of a configuration space (like in DFT)
implies that whereas the minimum free information energy complex of an
elementary body can only be a simplex, the configuration space of n
elementary body can be a complex with quite arbitrary topology (possible
heterogeneity at large "scales").

o What should be done next: discrete analog of Noether theorem.

Information Topology
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Conclusion

— Ecology - Biology - Complex systems

o Ecology is the scientific analysis and study of interactions among organisms
and their environment...

o Biology and ecology: the main interest of the present formalism is to
capture and identify diversity, while yet allowing selectivity. It gives a
quantitative framework the cellular identity and its differentiation.

o From complex network to ... complex.

Information Topology
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Appendices




Conclusion

—°  First appendix

Information Topology
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Conclusion

—* Second appendix
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